
S T R A I N  A N D  W O R K - H A R D E N I N G  IN A C O U L O M B - T Y P E  

G R A N U L A R  M E D I U M  

V .  N .  N i k o l a e v s k i i ,  N .  M .  S y r n i k o v ,  
a n d  M .  E .  S h a s k o l ' s k a y a  

Equations a re  given for  the e las top las t i c  s t r a in  of a g ranu la r  med ium toge ther  with expe r i -  
menta l  re la t ionships  for sands .  Equations for  the c h a r a c t e r i s t i c s  a re  drawn up in gene ra l  
f o r m  for  the two-dimens iona l  case .  It is shown that  expe r imen ta l  data on the dilatancy r a t e  
as a function of the angle of in ternal  f r ic t ion r e f l ec t  the condition for  or thogonal i ty  of the 
c h a r a c t e r i s t i c s  of the veloci ty  dis tr ibut ion to the direct ion of the d ry - f r i c t i on  fo rces  in the 
sliding a r e a s .  The flow in a shea r  t e s t e r  is d i scussed .  The calculat ion f rom the un ive r sa l  
re la t ionsh ips  ag rees  with expe r imen t .  

1 .  E q u a t i o n s  

The folIowing s y s t e m  of equations has been p roposed  [1, 2] to re la te  the inc remen t s  in the e las t ic  
s t r e s s e s  dei] and p las t ic  ones de~ to the s ta te  of s t ra in :  

deij  I /Ovi  Ovid .  e 

d--i-= Q~j~z dt ' 

Q i j k z = t + ~ 5  8 

de.V,1 = - -  (p + H) 6i f l~ + (~r + pS~j) d~,; 

2 
dp, (z~j, ~, H) = ~-~ x~T - -  ap - -  czH = 0; (1.1) 

2 
v .  (d~5, A) = de. - -  V~ A~dv.  = O, (1.2) 

where  v i is the r a t e  of d ~ p l a c e m e n t ,  eij is the total  s t ra in ,  # is P o i s s o n ' s  ra t io ,  E is Young's  modulus,  
~ij is the s t r e s s  tensor ,  d / d r  is the symbol  for  the Jaumann  der iva t ive ,  p = - 1 / 3 ~ i j 6 i j  is p r e s s u r e ,  d~ and 
d~ a re  s c a l a r  functions differ ing f r o m  zero  if the l imit ing conditions for  the p las t ic  s ta te  of (1.1) are  met  
together  with the di latancy re la t ion  of (1.2), ~ is the coeff icient  of in ternal  f r ic t ion,  ~H is the adhesion, 
A is the di latancy ra te ,  "c is the s h e a r - s t r e s s  intensity,  and dyP is the p l a s t i c - s h e a r  intensi ty:  

t 2 , 2 

dv~ = : ~  f ( d~f~ - -  ae~5) ~ + ( d4~ - -  de3"~) 2 + ( de25 - -  de;3) ~ + 

d 2 = 

It  can be seen  that if  we use  (1.2) we can e x p r e s s  d~ in t e r m s  of d~ and obtain the following f o r m  for  the 
inc rementa l  p las t ic i ty  low: 
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where  d~ -> 0 for  @a = 0 and ongoing loading  and dh = 0 if t he r e  is  un load ing  (Ca < 0) o r  @a = 0 but  the 
load ing  is  n e u t r a l .  R e l a t i o n  (1.3) b e c o m e s  the flow law, and (1.1) b e c o m e s  the a s s o c i a t i v e  Mises - cond i t i on  
for  A-= a;, in  the g e n e r a l  c a se ,  with A ~ a ,  (1.3) c o r r e s p o n d s  to a n o n a s s o c i a t i v e  i n c r e m e n t a l  law. 

/ *  
We wi l l  a s s u m e  that  a and A a re  func t ions  of the s t a te  p a r a m e t e r  X; we a s s u m e  that  X = e_ e , where  

P P 
e*p is  s t r a i n  such  that  the m e d i u m  does not d i la te  (is in the c r i t i c a l  s ta te  A(~ = 1) = 0); a l so  e*p = f(p) is 

some  funct ion  of p r e s s u r e .  Since a = a(• and A -- A(X) a re  func t ions  of the s a m e  p a r a m e t e r ,  we can use  
a l so  h a r d e n i n g  func t ions  of the f o r m  a = a()d, A = A(a). 

2 .  P l a n a r  P l a s t i c  D e f o r m a t i o n  

This  p a r t i c u l a r  c a s e  is  c h a r a c t e r i z e d  by the pos i t ion  de p = de p = de p = 0; then we have that (1.1) 
and (1.2) b e c o m e  

V 2 , t . t (ax - -  o'v)2 + Oxy -7 -'5- (ax + ay) sin T --  H sin cp 0, (2.1) 

whe re  q~ is  the angle of i n t e r n a l  f r i c t ion ,  with 

sin q9 = ~ ]/-3 (3 -- A 2) . 
3--  ~A ' 

de; -~ de~ --  s inv  V i d e ;  - de~) 'z + 4de~u = O, 

(2.2) 

(2.3) 

whe re  u is  the d i l a t ancy  angle ,  with 

V 3 sin v = A  3--A~" (2.4) 

The  i n c r e m e n t a l  p l a s t i c - s t r a i n  law now has the f o r m  

a U , s in~s invHO~ 5 -  (1 ~- sincpsmv) .-Uaijhij d~v, (2.5) 

where  i, j = x, y.  

If we now neg l ec t  the e l a s t i c  componen t s  of the s t r a i n s ,  i .e . ,  a s s u m e  dee  --- 0 ,  we get  a model  for  a 

r i g i d - p l a s t i c  d i l a t ing  m a t e r i a l  [3], and then 

az~ d" ov d i [au a~. ) dex = ~ ~; d% = -d-f t; dexy = --Z-~-~-~- + ~ dt. 

The e q u i l i b r i u m  condi t ions  for  the t w o - d i m e n s i o n a l  c a s e  inc lude  th ree  unknowns :  
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(Jov dax, a o%u ' 0% 
" -" F~, ~ = Y~ (2 .6)  

Ox ' -  a y  " Ox  Oy 

f o r  g i v e n  m a s s  f o r c e s  F x a n d  F y ;  t h e  s t a n d a r d  s u b s t i t u t i o n  

a ~ - - p @ ( p + H )  sin ~ cos 20; a , d = - - p  - -  ( p + H )  s in  ~p cos 20; (2.7)  

ox,.a . . . .  (p-!- f[)  sin (~ sin 20, 

w i t h  0 t h e  i n c l i n a t i o n  o f  t h e  m a x i m a l  p r i n c i p a l  c o m p r e s s i v e  s t r e s s  % to  t h e  y a x i s  ( o r ,  w h i c h  i s  t h e  s a m e ,  

of  t h e  p r i n c i p a l  s t r e s s  a 1 to  t h e  x a x i s ) ,  e n a b l e s  u s  to  s a t i s f y  c o n d i t i o n  (2.15 i d e n t i c a l l y  a n d  to  c o n v e r t  (2.65 

to  t h e  f o r m  

a ~ " 20) -5- ~ s in  20 - -  = -  t -  % cos q: cos 20 § UdJ ~. 

~- t:~ s in  20 op _ 2~ s in  20 o0 20 ; t0  = _ F~.; - ~ o',a ,-57. -- 2q~ cos .~J . 

(2 .8)  

--:-" s in  a ~- ; cos 20 q- s in  20 - -  1l-,o ~ "T 
..... o~ (2.9)  

Op , , 
77C0s2 0 % T 2 ~ ;  COS 20 ; ' 0  - -  25  s in  20 O0 

i I 
w h e r e  ~ = (p + H) s i n e ) ;  a ' p  a n d  v o a r e  t h e  c o r r e s p o n d i n g  p a r t i a l  d e r i v a t i v e s .  

T o  g e t  t he  e q u a t i o n  f o r  t h e  d i s t r i b u t i o n  of  t h e  v e l o c i t i e s  u a n d  v w e  s u b s t i t u t e  (2.75 i n t o  (2.55,  w h e r e .  
u p o n  o b v i o u s  s t e p s  g i v e  

s in  20 ~'~ 4 cos 20 0u ov . 0v o~ - -  b 7  -> cos 20 ~ -- sm 20 7 7  = O; 
~x (2.105 

& t  fly &" 
s i n 2 0  a.  ' s in~ . . . .  s i n v - - _ s i n 2 0 - -  = 0 .  

I f  we  e l i m i n a t e  a u / a y  + au/ax f r o m  ( 2 .10 ) ,  we a t  o n c e  g e t  (2.3)  e x p r e s s e d  in  t e r m s  of  t h e  m a x i m a l  s h e a r  
r a t e  f o r  a n  a r b i t r a r y  [4] c o o r d i n a t i o n  s y s t e m :  

au &: _ sinv ,' Ou &, 
am og cos 20 (-g)'x - -  (q~] 

A s  ~ = (P(o,  p )  a n d  ~ = v ( o ,  p ) ,  t h e  s y s t e m  of  e q u a t i o n s  f o r  t w o - d i m e n s i o n a l  m o t i o n  of  (2.8)  a n d  ( 2 . 1 0 )  

s h o u l d  b e  s u p p l e m e n t e d  w i t h  t h e  e q u a t i o n  of  c o n t i n u i t y :  

Op . 8 o _  Dp Ou , 0u 
i u - - _ v  ' = 0 .  c.~t- 

3 .  E q u a t i o n s  f o r  t h e  C h a r a c t e r i s t i c s  i n  t h e  

T w o - D i m e n s i o n a l  C a s e  

4 6 7  



I t  can  b e  shown t h a t  the  e q u a t i o n s  fo r  the  c h a r a c t e r i s t i c s  fo r  the  s t r e s s  d i s t r i b u t i o n  t ake  the  fo l lowing  
f o r m :  

(Oy) s in20•  " r  - -c tg(0-}-  8), 
1,2 = --  cos 20 + ~ 

(3.1) 

w h e r e  ~p cos  2 s  and [ ~ p l  -< 1; i f  ~p = s i n e ,  a s  in c l a s s i c a l  s t a t i c s  [5], then  ~ = u / 4 -  r  

The  equa t i ons  f o r  the  c h a r a c t e r i s t i c s  of the  v e l o c i t y  d i s t r i b u t i o n  t ake  the  f o r m  

dy = -- sin 20 _+ ]f t  --  cos ~ 26 sin 20 _+ ] / t  -- cos 2 2~ 
dx cos 25 --  coS 20 = cos 20 -- cos 28 ~ c tg  (0 _+ 5), (3.2) 

w h e r e  s in  v = c o s 2  6, i . e .  5 = ~/4  - ~ /2 .  F i n a l l y ,  the  f i f th  c h a r a c t e r i s t i c ,  f o r  the  d e n s i t y ,  fo r  ap/Ot  - 0 
c o i n c i d e s  wi th  the  p a r t i c l e  p a t h :  

(dY) --ZL' 
-~x s - -  u" (3.3) 

The  c o n d i t i o n s  on the  c h a r a c t e r i s t i c s  m a y  b e  r e p r e s e n t e d  in the  fo l lowing  g e n e r a l  f o r m :  

[dx ~ (cos 20 - -  cos 26) - -  d f  (cos 20 + cos 26) -" (3.4) 

4- 2sin 20dzdg] {dp (vdx --  udy) [dz (--  cos 20 - -  cos 2e) : -  

+ sin 20dy] + r (udx + vdy) --  dOdy~p (vdx - -  udg)! -- 

- -  2pdgcos 26 (dudx -~ dvdy) (dx 2 -~ d r )  ~pr = O. 

T o  o b t a i n  the  c o n d i t i o n s  a long  a p a r t i c u l a r  c h a r a c t e r i s t i c  f r o m  (3 A) we need  to s u b s t i t u t e  fo r  the  
c o r r e s p o n d i n g  v a l u e  of  d y / d x  f r o m  (3 .1)-(3.3) .  

For  ins tance ,  for  the v e l o c i t y  c h a r a c t e r i s t i c  we have 

Ou Ov 
as--~ -k ctg (0 ~- 6) ~ = 0, (3.5) 

au L. c t g ( O _ _ 6 ) ~ = O .  
8 s a  o 

T h e  s a m e  c o n d i t i o n s  w r i t t e n  in  t e r m s  of  the  p r o j e c t i o n s  of the  v e l o c i t y  on the d i r e c t i o n  of the c h a r a c t e r i s -  

t i c  have  been  g iven  in  [4]: 

0u (Vcosec26 ~ Uctg26)  ~ ( 0 - - ~ ) =  0; Os~ Os~ 

av - -  V a (o -" 6) = O. os---~ + (U cosec 26 tg 25) as4 - 

The  c o n d i t i o n s  o b e y e d  a long  the d e n s i t y  c h a r a c t e r i s t i c  t ake  the  fo l lowing  f o r m :  

8) -~ t g  (0 - - # c o ~  9 o 

T h e s e  r e l a t i o n s h i p s  fo r  the  c h a r a c t e r i s t i c s  g e n e r a l i z e  the  r e s u l t s  of  [4] to a b o d y  showing  w o r k  h a r d e n i n g .  

F i n a l l y ,  in the  h y p o t h e t i c a l  c a s e  ~ = ~p the  r e s u l t s  c o r r e s p o n d  to the c o n d i t i o n s  for  a s s o c i a t i v e  f low, 

wh i l e  fo r  ~ = r  = c o n s t  t hey  c o i n c i d e  wi th  S h i l d ' s  r e s u l t s  [6]. 

4 .  D e r i v a t i o n  o f  t h e  H a r d e n i n g  F u n c t i o n s  

When  we have  found r = r  p) and sh i l d ,  v = v(p, p), we c o n v e r t  to the  g e n e r a l  t h r e e - d i m e n s i o n a l  

c a s e  to f ind the  above  w o r k - h a r d e n i n g  func t ions  a ( •  ) and  A = A ( ~ ) .  

C o n s i d e r  the  r e l a t i v e  m o t i o n  in an e l e m e n t a r y  v o l u m e  of  the  m e d i u m  r e p r e s e n t e d  by  a s t r a i n  r a t e  
e i j ;  the v e l o c i t y  o f  the  r e l a t i v e  d i s p l a c e m e n t s  of  two p a r t i c l e s  in the m e d i u m  l y i n g  on uni t  s e c t i o n  r ( F i g .  
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1) is expressed  in t e rms  of the tensor  eij in an a rb i t ra ry*  coordinate sys tem x and y as follows: 

Au~ = eiFj, r (sin ~, --  cos ?), 

where 7 is the angle between the line joining the centers  of the par t ic les  and the y axis. The project ion of 
the vec tor  Au i onthe direct ion of r and on the direction perpendicular  to it r '  (cos 7, sin ~/) will be 

o~, (Ou O~, ) ov 
Auiri = ~-x sin~ ? -- ~ + ~x sinTc~ ? + -g-~y c~ ?; (4.1) 

Auiri = ~ -  [\ Ox - -  ~ ~y -- -~x cos 2? �9 

Equation (4.1) will s imulate the mic roscop ic  motions in a granular  medium (a sys tem Of hard spheres ,  on 
a sys tem of disks in the two-dimensional  case) if, f i rs t ly,  the velocity gradients  sat isfy (2.9) and, secondly, 
if there  is scope for relat ive slip of the adjacent par t ic les .  We find that 

Au~r~ = 0; Auirl -~ A sin 2 (20 • 8) =fi 0 

for 7 = 0 �9 6, i.e._ when the direct ion of ~ coincides with the cha rac te r i s t i c  veloci ty distribution and the 
veloci ty vector  Au is orthogonal to the charac te r i s t i c  for the velocity distribution. In all other  cases ,  ~/ ;~ 
0 ~= 8, and the component of the relat ive veloci ty  Au i along ~ will be different f rom zero .  Then the purely 
tangential re la t ive motion of the par t ic les  such that the relat ive velocity is orthogonal to a line joining the 
centers  of adjacent par t ic les  occurs  along a family of lines mutually orthogonal to the families of cha rac -  
t e r i s t i cs  for the velocity distribution. It has been pointed out [4] that it is p rec i se ly  these lines that should 
be in terpre ted  as the slip lines.  The charac te r i s t i c s  of the veloci ty distribution will s imultaneously be 
slip lines only for an incompress ib le  medium (v = 0). 

The microscopic  motion in a Coulomb medium occurs  with d ry- f r i c t ion  forces  acting along the slip 
lines.  It has been supposed [4] that the d ry- f r ic t ion  force R acting on the l imit ing-equi l ibr ium area  at 
an angle /3 is coll inear with the direct ion of the slip line (i.e., is orthogonal to one of the cha rac te r i s t i c s  
of the veloci ty distribution). Then the following relat ion applies between the in ternal - f r ic t ion  angles and 
the dilatancy in the two-dimensional  case :  

~----- 2 ( + - -  8 + %) = 2 % +  v, (4.2) 

where (P0 can be in terpre ted  as the angle of fr ict ion between two individual par t ic les .  

Equation (4.2) can be converted to the general  case  of a relation between the work-hardening functions 
and A, which are  dependent on the pa rame te r  • = eP/eP.;  we substitute (4.2) into (2.2) and eliminate v 

and use (2.4) to get c~(A); the resul tant  (p0 = 15, 18.5, 23 ~ curves  are  shown in Fig.  2 for three values of the 
pa r ame te r ;  these relat ionships are  represen ted  with reasonable  accuracy  (broken lines) by the formula  

A = b  -- W ( t 4 2 b a , ) - - ( a ,  +2b)a. (4.3) 

b = ~ / t  - - % ,  

*In the par t i cu la r  case where the axes of x and y coincide with the principal  axes of the s t r a in - r a t e  tensor ,  
an analogous analysis  has already been given in [4]. 
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w h e r e  a .  = a(A = 0) = s in 290. 

We now c o m p a r e  these  r e l a t i onsh ips  with the l i s t ed  expe r imen ta l  date [7] of the coef f ic ien t  of in t e rna l  
f r i c t ion  as  a funct ion of  the d i la tancy  ra te ,  as  m e a s u r e d  dur ing t r i ax i a l  t e s t s  on va r i ous  r i v e r  sands .  (In 
[7] the expe r imen t a l  data  a r e  r e p r e s e n t e d  as ~ = a r c s i n  [(~1-g2)/(gl  + g~)],as a funct ion of  dev/de~, which 
is ca l l ed  the re  the d i l a t ancy  ra t e ,  whe re  e 1 and e v a r e  the axial  and vo lume  de fo rma t ions ,  while gl and ~2 

�9 a r e  the axial  and l a t e r a l  s t r e s s e s ) .  F igu re  2 shows the r e s u l t s  of c o n v e r s i o n  to the funct ions used  h e r e .  
The  data  f o r  the v a r i o u s  sands  (var ious  symbols ) ,  a r e  c lose ly  app rox ima ted  by the s ingle  r e l a t ionsh ip  of 
(4.3) with (P0 = 23~ This  va lue  of  (P0 a l so  c o r r e l a t e s  s a t i s f a c t o r i l y  with the data  of the angle of f r i c t ion  b e -  
tween two qua r t z  s u r f a c e s :  17-26 ~ 

The  second  r e l a t i onsh i p  a()/) can be found by p r o c e s s i n g  the e x p e r i m e n t a l  data  on t r i ax ia l  t e s t s  on 
r i v e r  sands  [8-11] .  It is  found that  ove r  a c o n s i d e r a b l e  range  a(~) can be d e s c r i b e d  by a s ingle  l i nea r  
r e l a t ionsh ip  of  the fo l lowing f o r m  (Fig.  3) : 

a = a 0 ~ - ( a .  - -  a0)Z, (4.4) 

w h e r e  a 0 = a(0) and a .  = a(1) ; note  tha t  )~ = 1 c o r r e s p o n d s  to the c r i t i c a l  va lue  f o r  bulk p las t i c  d e f o r m a -  
t ion eP = eP., a t  which  A b e c o m e s  z e r o .  

5 .  T w o - D i m e n s i o n a l  S h e a r  

Equat ions  (4.3) and (4.4) have been  used  in [11] to p e r f o r m  ca lcu la t ions  on o n e - d i m e n s i o n a l  axia l ly  
s y m m e t r i c a l  l imi t ing  s t a t e s ,  and the r e s u l t s  a g r e e d  s a t i s f a c t o r i l y  with t r iax ia l  t e s t s .  Here  we cons ide r  a 
p l ana r  sec t ion  of  a g r a n u l a r  med ium,  which c o r r e s p o n d s  to tes t s  on s i m p l e - s h e a r  equipment  in m e a s u r e -  
men t s  on the in te rna l  f r i c t i on  due to adhes ion .  

In p r a c t i c e ,  the s h e a r  s t r a i n  in such  t e s t s  v a r i e s  in a s t epwise  fash ion  as the s h e a r  s t r e s s e s  ~x~, in-  
c r e a s e  (Fig.  4) up to s o m e  c r i t i c a l  value axy (the s t r e s s  ayy  = const ) ,  where  the s h e a r  s t r a t a  begins  ~o 
i n c r e a s e  without  l imi t  ( fa i lure) .  

We now f o r m u l a t e  the defini t ive equat ions  fo r  this ca se  and note that  the e las t i c  componen ts  of the 
s t r a i n s  can be neg lec ted ,  s ince  the s t r e s s e s  in tes t s  on sands in such  equipment  a r e  usua l ly  low (~yy = 
3 - 4 . 1 0  .3 k g / c m  2 [12]). 

the p r e s e n t  c a s e  dexx = dezz  = dexz = dey z = 0; deij = deiP;~ de = deyy;  dexy = dT and the gene ra l  In 
r e l a t i ons  of  (1.3) take the f o r m  

ff=ffyy; T=f fxy;  

p : - -  t / 3 ( ~ . ~ , y  ~-(~::), 

with 

%x acz 3 ~' 2uA -- ~ = ~ =  L(e); (5.2) 

ffx==ffy:=O. 

The flow condi t ion of  (1.1) m a y  be put as 

" - 5 - ~ - - - ' 3  " ~  l {a2(l , 2 L ( e ) ) 2 _ 3 ( i = _  - - L ( e ) ) 2 } i / 2 = - k ( e ) .  
(5.3) 

We e l imina te  d~ f r o m  (5.1) to get  an o r d i n a r y  d i f fe ren t ia l  equat ion r e l a t i n g  the bulk and s h e a r  de fo r -  
m a t i o n s :  

de 1 
a7  = --  ~ {l.-- (3 + 2aA) (l + 2L/9}. 

If  this non l inea r  equat ion is in tegra ted ,  we can find the funct ion e = e(T) and then ca lcu la t e  the ra t io  k = 
T/a as  a funct ion of the s h e a r  s t r a i n  exy;  F ig .  5 shows r e s u l t s  f r o m  n u m e r i c a l  in tegra t ion ,  and a l so  the 
expe r imen t a l  da ta  of [12]. The c r i t i c a l  bulk s t r a in  eP' was se l ec t ed  f r o m  the data  of [12] as  0.7%. The 
ca lcu la t ion  is in s a t i s f a c t o r y  a g r e e m e n t  with expe r imen t .  Here  we took f r o m  e x p e r i m e n t  only one p a r a m -  
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e t e r  e p and the a g r e e m e n t  of t h e o r y  wi th  e x p e r i m e n t  aga in  i n d i c a t e s  tha t  the  m o d e l  can  be  u s e d  to  d e -  

s c r i b e  the  b e h a v i o r  of a g r a n u l a t e d  m e d i u m  u n d e r  v a r i o u s  c o n d i t i o n s .  

I t  fo l lows  f r o m  (5.3) tha t  L= I and k = a ,  only  i f  e = eP; the  p a r a m e t e r  k = IT*/u  [ i s  m e a s u r e d  in 
e x p e r i m e n t s  on t w o - d i m e n s i o n a l  s h e a r  and i s  i n t e r p r e t e d  as  t an  Cp, w h e r e  9 -  g i s  the  i n t e r n a l - f r i c t i o n  angle  
m e a s u r e d  fo r  s a n d  in th i s  way  in the  p l a n a r  c a s e .  As  a .  was  t aken  as  0 .72 -0 .76  in  t he  m o d e l ,  the  c r i t i c a l  
va lue  r  m e a s u r e d  wi th  a s i m p l e  s h e a r  a p p a r a t u s  shou ld  be  36-38  ~ wh ich  a l so  a g r e e s  wi th  e x p e r i m e n t  
[7, 12]. In th i s  connec t i on  we note  tha t  the  c r i t i c a l  v a l u e  fo r  the  i n t e r n a l - f r i c t i o n  ang le  m e a s u r e d  in a 
s t a n d a r d  t r i a x i a l  t e s t  as  C t  = a r c s i n ( a l - u 2 ) / ( a  I + (r)  d i f f e r s  f r o m  (p* f o r  the  s a m e  s a n d  and i s  30-32 ~ [7], 2 1~ 

and c o r r e s p o n d s  to the  va lue  of the  p a r a m e t e r  a ,  = 0.72 - 0.76,  wi th  ~1 the a x i a l  s t r e s s  in the  above  and 
a2 = a3 the  l a t e r a l  s t r e s s .  F i n a l l y ,  the  c r i t i c a l  e f f ec t ive  i n t e r n a l - f r i c t i o n  angle  r  i n t r o d u c e d  in [4] i s  
equa l  to a r c  s in  a ,  and  about  46 ~ s i n c e  i t  d e t e r m i n e s  the p o s i t i o n  of  the  a r e a s  of l i m i t i n g  e q u i l i b r i u m  wi th  
r e s p e c t  to the  p r i n c i p a l  axes  ( these  a r e a s  do not  c o i n c i d e  wi th  the  p l ane  of  s h e a r ) .  

We  c o n s i d e r  in m o r e  d e t a i l  the c h a r a c t e r i s t i c s  of the s t r e s s  and v e l o c i t y  d i s t r i b u t i o n s  in p l a n a r  
s h e a r .  The  p o s i t i o n s  of the  p r i n c i p a l  axes  of  the  s h e a r s  and s t r a i n  r a t e s  a r e  de f i ne d  by  the  ang le  0 : 

tg 20 = 2a~v 
(~xx - -  ffyy 

W e  s u b s t i t u t e  h e r e  fo r  the s t r e s s  c o m p o n e n t s  in a c c o r d a n c e  wi th  (5.2) and (5.3) and u s e  v = A~33(3 - A 2) to 
ge t  

2r = arccos l,'-~------'-s ) - - T  + v ----- ~ - -  2, r = T - -  8. 

C o n s e q u e n t l y ,  the  ang le  b e t w e e n  the x ax i s  and the d i r e c t i o n  of m a x i m u m  p r i n c i p a l  c o m p r e s s i v e  s t r e n g t h  
i s  5 ( F i g .  6), and the  x ax i s  i s  the  c h a r a c t e r i s t i c  of the  v e l o c i t y  d i s t r i b u t i o n .  The  s a m e  r e s u l t  can  b e  ob -  
t a i n e d  d i r e c t l y  f r o m  the f ac t  tha t  

dexx dl~ 

dt  dx 

The  s e c o n d  c h a r a c t e r i s t i c  is  [4] o r t h o g o n a l  to the  v e l o c i t y  v e c t o r  V, which  i s  d i r e c t e d  a long  the  l ine  of 
the  r e l a t i v e  s l i p  of the  p a r t i c l e s .  When  the  bu lk  s t r a i n  r e a c h e s  the  c r i t i c a l  va lue  eP. the d i l a t a a e y  r a t e  A 
and Y is  d i r e c t e d  a long the x ax i s ,  i . e . ,  the s l i p  d i r e c t i o n  c o i n c i d e s  wi th  the  c h a r a c t e r i s t i c  of the  v e l o c i t y  
d i s t r i b u t i o n ;  t h e r e  i s  u n r e s t r i c t e d  s h e a r  in the  d i r e c t i o n  of  the  x ax i s  wi thout  change  of  v o l u m e .  The ang le  
b e t w e e n  the  x ax i s  and the p r i n c i p a l  ax i s  2 in tha t  c a s e  i s  ~ / 4 .  

T h e r e  i s  [1] a l i n e a r  v e l o c i t y  d i s t r i b u t i o n  fo r  e a c h  i n s t a n t  in the  s h e a r e d  l a y e r ,  

u u (5.4)  u =  T y ;  v---TZ~ ytgv, 

tha t  s a t i s f i e s  (2.3); the  r e l a t i o n s  of (3.5) a long  the c h a r a c t e r i s t i c s  g ive  us  tha t  a long  the  f i r s t  c h a r a c t e r i s -  
t ic  fo r  p l a n a r  s h e a r  we have u = U = c o n s t ,  wh i l e  a long  the  s e c o n d  we have  V = - 0.  

The  d o t - d a s h e d  l i n e s  in  F ig .  6 show the p o s i t i o n s  of the  l i m i t i n g - e q u i l i b r i u m  a r e a s ,  wh ich  f o r m  the 
a n g l e s  v /4  - r  wi th  the  d i r e c t i o n  of the ax i s  of  the  m a x i m u m  p r i n c i p a l  c o m p r e s s i v e  s t r e s s .  Condi t ion  
(2.1) i s  m e t  by  t h e s e  a r e a s  wi th  an e f f ec t i ve  i n t e r n a l - f r i c t i o n  angle  r de f ined  by  (2.2).  T h e s e  a r e a s  in r e a l  
c a s e s  wi th  m ~ 0 do not  c o i n c i d e  wi th  the  s l i p  d i r e c t i o n ,  whi le  fo r  A = 0 the  ang le  b e t w e e n  the  x ax i s  and 
a l i m i t i n g - e q u i l i b r i u m  a r e a  is  r i . e . ,  about  23 ~ 

E q u a t i o n s  (2.7) fo r  the  c o m p o n e n t s  of the  s t r e s s  t e n s o r  in th i s  c a s e  t ake  the  f o r m  

(~v,t ~ - -  p( i  ~ sin q) sin v); (i~u=p. sin qD cos v, 

and  t h e r e f o r e  

cos v .  s in  
k G l - - s l n v . s i n ~ "  ( 5 . 5 )  
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Equation (5.5) may be derived [I] directly from the velocity distribution of (5.4) for the thickness of the 
layer; as (p is given by (4.2) as a function of v, one can say that we have a k(v) relation for this flow. This 
relationship is shown in Fig. 7 for (P0 = 23~ (the relationship was given in [I] for q~0 = 30~ . 

If, on the other hand, we interpret the data on planar shear via the model for a Coulomb imcompres- 
sible medium, then k = tg(pp, and the graph (Fig. 7) might be treated as evidence of an effective (pp = ~p(e) 
relationship, but the displacement recorded in the experiments (measurements of the kinematic variables) 
remain inexplicable. This is why the dilataney effect is of particular significance when there are displace- 
ments specified at the boundaries, as in calculating the forces acting on a rotating supported well [13]. 

Experimental data of the type shown in Figs. 4 and 5 have been explained qualitatively [14] via a 
model for a plastic body with an associative flow law and modal points on the flow surface. 

LITERATURE CITED 

I. V.N. Nikolaevskii, "Mechanical properties of soils and the theory of plasticity," in: Surveys of 
Science and Technology, Series: Mechanics of Deformable Solids [in Russian], Vol. 6, VINITI, Mos- 
cow (1972). 

2. Vo N. Nikolaevskii, "Continuum theory of plastic deformation of a granular medium," in: Founda- 
tions of Plasticity (edited by A. Sawczuk), Noordhoff, Llyden (1972)o 

3. V.N. Nikolaevskii, "The definitive equations of plastic flow for granular media," Prikl. Mat. Mekh. 
3__55, No. 6 (1971). 

4. V.N. Nikolaevskii and N. M. Syrnikov, "The planar limiting flow of a granular dilating medium," 
Izv. Akad. Nauk SSSR, Mekh.Tverd. Tela, No. 2 (1970). 

5. V.V. Sokolovskii, Statics of a Granular Medium [in Russian], Fizmatgiz, Moscow (1960). 
6. R.T. Shild,"Mixed boundary value problems in soil mechanics," Quart. J. Appl. Math., 1_11, No. 1 

(1953). 
7. A.W. Bishop, "The strength of soils as engineering materials," Geotechnique, 16, No. 2 (1966). 
8. A.S .  Vesic and G. W. Clough, "Behavior of granular materials under high s t resses ,"  J.  Soil Mech. 

Found. Div. Proc .  Amer.  Soc. Cir. Eng., 9_~4, No. 3 (1968). 
9. L. Barden, H. Ismail, and P. Tong., "Plane strain deformation of granular material  at low and high 

pressures ,"  Geotechnique, 19 , No. 4 (1969). 
10. S. Fridman and T. G. Zeitten," Some pseudo-elastic properties of granular media," in: Proceed-  

ings of the Seventh International Conference on Soft Mechanics and Foundations of Engineering, 
Mexico, Vol. 1 (1969). 

11. V.N.  Nikolaevskii, N~ M. Syrnikov, and G. M. Shefter, "Dynamics of elastoplastic dilating media," 
in: Advances and Attainments of Mechanics of Deformable Solids [in Russian], Moscow (1974). 

12. V .V.  Adushkin and T. A. Orlenko, "Strength character is t ics  and consolidation of sandy soil under 
shear," Izv. Akad. Nauk SSSR, Mekh. Tverd.  Tela, No. 2 (1970). 

13. K .H.  Roscoe, "The influence of strain in soil mechanics," Geoteehnique, 20, No. 2 (1970)o 
14. D.D.  Ivtev and G. I. Bykovtsev, TheoryofWork-Hardening Plastic Solids [in Russian], Nauka, Mos- 

cow (1971.) 

472 


